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The involutions in a compact ring with identity are investigated. It is shown that if the number 
WI of involutions in an arbitrary ring A is finite and greater than one, then M is even. A 
characterization of those compact rings A having precisely one or two involutions is given. 
Moreover, those compact rings A for which 2 is a unit in A and the set of involutions in A forms 
a finite abelian group are characterized by the number of involutions in A. 
1. Introduction and basic definitions 
Let A be a compact ring with identity, let G denote the group of units in A and 
let J denote the Jacobson radical of A. An involution in A is an element g in G such 
that g2 = 1. An idempotent in A is an element e in A such that e2 = e. When no con- 
fusion arises, we will use the notation m to denote the element ma 1 of A as well 
as the integer m. Note that if 2 is a unit in A, the mapping e+ l -2e is a bijection 
from the set of idempotents of A to the set of involutions of A. 
In [5], Kaplansky proved that if A is a compact semisimple ring, then A is isomor- 
phic and homeomorphic to the Cartesian product of finite simple rings (Theorem 
16). Moreover, if A is any compact ring, then Jis closed (corollary to Theorem 13). 
Consequently by the Wedderburn-Artin Theorem [4, Theorem, p. 1711 and 
Wedderburn’s Theorem [3, Theorem, p. 4311, we obtain the following: 
Theorem 1.1 (Kaplansky’s Structure Theorem for Compact Rings). If A is a com- 
pact ring, then there exists a set A such that A/J= n,,, M, where for each cr in 
A, AI, is the set of n, x n, matrices over a finite field F,. 0 
Recall that a ring A with identity is a local ring provided that A\ G is an ideal 
of A. Thus by the above theorem, if A is a compact ring with identity, then A is 
a local ring if and only if A/J is a finite field. 
In this paper, we investigate those compact rings A with identity having only 
finitely many involutions. We first show that if the number m of involutions of an 
arbitrary ring A is finite, then m = 1 or m is even. Moreover, a compact ring A has 
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precisely one involution if and only if the characteristic of A is two, J contains no 
nonzero (algebraic) nilpotent and A/J is isomorphic to a product of finite fields, 
each of characteristic two. We also characterize those compact rings A with identity 
having precisely two involutions. In particular, we show that if 2 is a unit in A, then 
A has exactly two involutions if and only if A is a local ring. Furthermore if the 
characteristic of A is 2k for some positive integer k, then A has precisely two in- 
volutions if and only if k E { 1,2}, J contains a unique nonzero element a such that 
a2 = 0 and A/J is isomorphic to a product of finite fields of characteristic two. We 
also prove that if the characteristic of A is zero and the number of involutions in 
A is two, then A contains a subring which is isomorphic and homeomorphic to the 
ring of p-adic integers for some prime p. 
More generally, we consider those compact rings A with identity for which the 
set of involutions in A forms a finite abelian group. In particular, we give a descrip- 
tion of A via the number of involutions in A when 2 is a unit in A. 
2. Compact rings having one or two involutions 
Throughout this paper, all compact rings are assumed to be Hausdorff. 
Lemma 2.1. Let X be a finite set, let m denote the cardinality of X and let f be a 
mapping of X into X such that f 2 is the identity mapping. If m is odd, then there 
exists an x in X with f(x) =x. 
Proof. Let m = 2n + 1. The result is clearly true if n = 0. Suppose the lemma holds 
for n and assume /Xl =2n+3. Choose aeX. If f(a)#a, let Y=X\(a, f(a)}. Then 
/ Y / = 2n + 1 and Y and f 1 y satisfy the hypotheses of the lemma. Hence the result 
follows by induction on n. 0 
Theorem 2.2. Let A be a ring with identity and let A be the set of involutions in 
A. If A is a finite set, then IAl = 1 or IA / is even. 
Proof. If char(A) #2, then -g#g for all g E G. Moreover, g E A if and only if 
-geA. Hence IAl is even. 
Assume that char(A)=2 and lAl>l. Let N={aeA: a’=O}. Then geA if and 
only if 1 - g EN. Hence IA / = INI. As IA I > 1, N contains a nonzero element a. Let 
T(a)={bEN: ab=ba}. Then Ir(a)l 1s even. Indeed, if IT(a)1 = k where k is odd, 
write r(a) = (0, a, a3, . . . , ak}. Note that for each iz3, a+aiET(a)\{O,a}. SO 
T(a)={O,a,a+a, ,..., a + ak}. Consequently, the mapping aj + a + a; is a bijection 
from {a, : iz 3) to itself whose square is the identity mapping. Thus by Lemma 2.1, 
there exists an i, 3 I is k, such that ai= a + ai_ So a = 0, a contradiction. Let 
f = 1 - a. Then f E A \ { 1 } and 1 -f = a. Define @Jo: A + A by, Qf(g) =f&. Then @Jo 
is a bijection from A onto A. Furthermore, if F denotes the set {g Ed: @Jg)=g}, 
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then 1 -F=T(l -f) =T(a). Thus IF\ is even. Write A = FUF, where F1 =A \F. 
Note that for all g in F1, Qf(g) E Fl . If IA 1 is odd, then IF,1 is odd as well. Therefore 
by Lemma 2.1, there exists g E F, such that Qf(g) = g. Hence g E FIl F, , a contradic- 
tion. So /A/ is even. 0 
Theorem 2.3. Let A be a compact ring with identity and let A be the set of involu- 
tions in A. If IAl 5 2, then A/J is isomorphic to a product of finite fields. 
Proof. By Theorem 1.1, we may write A/J= Jj,,, M, where each M, is the set of 
n, x n, matrices over a finite field F,. For each a in A, let 1, and 0, denote the 
multiplicative, respectively, additive identity of Ma. For simplicity of notation, we 
assume that A/J= flag,, M,. 
Suppose there exists a p in A with np>2. Let ii E A/J be defined by ii = n,,, x, 
where X~ = lP and x, = 0, for a z/3. Then w is an idempotent of A/J and so there 
exists an idempotent e of A such that e+ J= a [5, Theorems 8 and 14 and Lemma 
121. Consider the subring eAe of A. Note that eAe is a compact ring with identity 
e and eJe is the Jacobson radical of eAe [S, Lemma 131. Let @ denote the canonical 
epimorphism of A to A/J, let @’ denote @ leAe and define B by B=n,,,,, B, 
where Bp=MD and B,={O,} for a#p. Then B=Mfl. For a~/l, let proj, denote 
the canonical projection of A/J onto n/r,. As proj,(@‘(e)) = 0, for all cx#p, 
@‘(eAe) C_ B. Moreover, if x~@-l(B), then o(exe) = iid( = g(x) since ii is the 
identity of B. Thus 4’ is a homomorphism of eAe onto B. Now eJe c Ker @‘= 
{eaeEeAe: proj,(@(a))=Op}. If projP(@(a))=Og for aeA, then eaee J and eae= 
e(eae)eEeJe. So Ker @‘=eJe. Hence eAe/eJe=M@, that is, eAe is a primary ring. 
By [_5, Theorem 181, eAe is isomorphic to the ring of m x m matrices over R for some 
compact local ring R with identity 1, and some positive integer m> 1. Note that 
the ring of m x m matrices over R contains distinct elements x, and yr such that 
x1” =yf = 1 but x1 # 1 and y, # 1. Thus eAe contains distinct elements x and y such 
that x*=y’=e, xfe and y#e. Now, (1 +(x-e))2= 1 +2(x-e)+x2-2xe+e2= 
1+2x-2e+e-2x+e= 1. Similarly, (l+(y-e))*= 1. Hence 1, 1 +(x-e) and 
1 + (y-e) are distinct involutions of A, a contradiction. Thus n, = 1 for all (x EA. 
Cl 
Theorem 2.4. Let A be a compact ring with identity and let A be the set of involu- 
tions in A. If IAl 52, then A/J=nn,,,, F, where each F, is a finite field of charac- 
teristic two or A/J=(n,,,,,, F,) x FO where F, is a finite field of odd characteristic 
and if A, #0, for each (Y in A,, F, is a finite field of characteristic two. 
Proof. Theorem 2.3 yields that there exist sets A, and A, such that A/J= 
n aG,,, F, x J&E/1* FP where for each (x in A,, F, is a finite field of characteristic 
two and for each p EAT, FP is a finite field of odd characteristic. Suppose that 
/A21~2. Let pi and & be distinct elements of A2. Once again for simplicity of 
notation, we assume that A/J=&.., FaxnBEnz Ffl. Define idempotents ii, and 
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& in A/J by a~ =II,,,,, %xIIPEnz b x where xp, = lp, and xfi=OD for P~_4~\{/3i} 
and &=n,,,,O,xn,,,, B y where yp, = lp, and yD = OP for /I E A 2 \ { &} . Note that 
2iii #J, 2U2#J and 2iii #2ii2 as the characteristics of Fp, and FP, are both odd. 
Let e and f be idempotents in A such that e + J= iii and f+ J= a,. (The existence 
of e and f is guaranteed by [5, Theorems 8 and 14 and Lemma 121.) Then 1, 1 - 2e 
and 1 - 2f are involutions in A satisfying 1 + J# 1 - 2e + J, 1 + Jf 1 - 2f + J and 
1 - 2e + J# 1 - 2f + J. Thus 1, 1 - 2e and 1 - 2f are distinct involutions in A, a con- 
tradiction. So IA21 I 1. 0 
Theorem 2.5. Let A be a compact ring with identity whose characteristic n is non- 
zero and let A be the set of involutions in A. If IAl 52, then A/Jr n,,, F, where 
each F, is a finite field of characteristic pa and p, divides n for all a. Moreover, 
if p is any prime dividing n, then there exists a in A with p =pa. 
Proof. By Theorem 2.3, A/J=fl,,, F, where each F, is a finite field of character- 
istic pa. As n + J= J, pa divides n for all a. Suppose that p is a prime dividing n. 
If p #pa for all a in A, then p + J is a unit in A/J and hence p is a unit in A, a con- 
tradiction. 0 
Lemma 2.6. Let A be an arbitrary ring with identity. The following are equivalent: 
(i) The only involution in A is 1. 
(ii) char(A) = 2 and A contains no nonzero (algebraic) nilpotent. 
Proof. Suppose (i) holds. Clearly, char(A) =2. If there exists aeA\ (0) and n> 1 
such that a”=0 but a”-‘#O, then 1 and 1 +a”-’ are distinct involutions in A, a 
contradiction. So (i) implies (ii). 
If (ii) holds and g is any element of A such that g2 = 1, then 0 =g’- 1 = 
(g- l)(g+ l)=(g- 1)2. Thus g= 1. 0 
Theorem 2.1. Let A be a compact ring with identity. The following are equvalent : 
(i) The only involution in A is 1. 
(ii) char(A) = 2 and A contains no nonzero (algebraic) nilpotent. 
(iii) char(A) = 2, J contains no nonzero (algebraic) nilpotent and A/J= n,,,,, F, 
where each F, is a finite field of characteristic 2. 
Proof. If (i) holds, then char(A) = 2 and A contains no nonzero algebraic nilpotent. 
In particular, J contains no nonzero nilpotent. As char(A)=2, A/J=n,,,, F, 
where each F, is a finite field of characteristic two by Theorem 2.5. So (i) implies 
(iii). 
Suppose (iii) holds. Let g E A be such that g2 = 1. Then (g + J)2 = 1 + J and hence 
g + J= 1 + J as 1 + J is the only involution in A/J. So g - 1 E J. Moreover, (g - 1)2 = 
g2 - 1 =O. Thus by hypothesis, g= 1. So (iii) implies (i). The theorem therefore 
follows from Lemma 2.5. 0 
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Corollary. If A is a finite ring with identity having precisely one involution, then 
A G ny=, Fi where each Fi is a finite field of characteristic two. In particular, A is 
semisimple and commutative. 
Proof. By Nakayama’s Lemma [4, p. 4121, there exists a positive integer m such that 
JM = (0). Thus J= (0) and A is isomorphic to a product of finite fields of character- 
istic two. 0 
Lemma 2.8. If A is an arbitrary local ring with identity such that 2 is a unit of A, 
then A has precisely two involutions. 
Proof. As char(A) # 2, A has at least two involutions, namely f 1. If g E A\ { f l} 
and g2=1, then O=(g- l)(g+ 1). Thus g- l,g+ 1 EJ. Hence 2=g+ 1 -(g- l)EJ, 
a contradiction. So A has precisely two involutions. 0 
Theorem 2.9. Let A be a compact ring with identity such that 2 is a unit of A. The 
following are equivalent: 
(i) A has precisely two involutions. 
(ii) A is a local ring. 
Proof. If (i) holds, then A/J=fl,,, F, where each F, is a finite field by Theorem 
2.3. If IA I> 1, then there exists an idempotent a in A/J such that a #J and ii # 1 + J. 
Moreover, there exists an idempotent e in A with e+J=ii [5, Theorems 8 and 14 
and Lemma 121. In particular, e# 1 and e#O. As 2 is a unit in A, 2e # 0 as well. 
So 1, - 1 and 1 - 2e are distinct involutions in A, a contradiction. Thus j/1 / = 1 and 
so the theorem is a consequence of Lemma 2.8. 0 
Corollary. Suppose that A is a compact ring with identity such that char(A) is odd. 
The following are equivalent: 
(i) A has precisely two involutions. 
(ii) char(A) =p”’ for some odd prime p and some positive integer m and A/J is 
a finite field of characteristic p. 
Proof. The corollary follows from Theorems 2.5 and 2.9. 0 
Lemma 2.10. Let A be an arbitrary ring with identity such that char(A) = 2. Then 
A has precisely two involutions if and only if A contains exactly one nonzero ele- 
ment a whose square is 0. 
Proof. Suppose A has precisely two involutions, 1 and g. Then 1 - g#O and 
(1 -g)2 =O. Moreover, if aE A\ (0) and a2 = 0, then 1 -a is an involution in A 
distinct from 1. So a = 1 -g. Thus A contains exactly one nonzero element whose 
square is 0. 
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Conversely, assume that a E A \ { 0} is the unique nonzero element of A satisfying 
a2 =O. As above, 1 and 1 -a are distinct involutions in A and if g EA \ { l} and 
g2 = 1, then (1 -g)2 = 0, that is, g = 1 -a. So A has precisely two involutions. 0 
Theorem 2.11. Let A be a compact ring with identity such that char(A) = 2. The 
following are equivalent: 
(i) A has precisely two involutions. 
(ii) There exists a unique nonzero element a in A satisfying a’=O. 
(iii) There exists a unique nonzero element a in J satisfying a’=0 and A/J% 
rI aEn F, where each F, is a finite field of characteristic two. 
Proof. If (i) holds, then A/J= n,,,,, F, where each F, is a finite field of character- 
istic two by Theorem 2.5. By the preceding lemma, there exists a E A\ (0) such that 
a2 =O. Then (a+ J)2 = J and as A/J is isomorphic to a product of finite fields, 
a+ J= J, that is aE J. So (iii) holds by Lemma 2.10. 
If (iii) holds and b is a nonzero element of A such that b2= 0, then as above, 
b E J. Lemma 2.10 then yields that (iii) implies (i) and hence (i)-(iii) are equivalent. 
0 
Lemma 2.12. Let A be an arbitrary ring with identity such that char(A) = 4. Then 
A has precisely two involutions if and only if 2 is the unique nonzero element of 
A whose square is 0. 
Proof. Suppose that 1 and - 1 are the only involutions in A and b E A \ (0) satisfies 
b2 = 0. Then 1 + b is a unit in A as (1 + b)(l - 6) = 1. In addition, (1 + b)4 = 1. So 
(1+b)2=1or(1+b)2=-1.If(1+b)2=-1,then1+2b=-1andhence2(b+1)=0. 
By the above observation, 2 = 0, a contradiction. So 1 + b is an involution in A. As 
b#O, 1+6=-l, that is, b=-2=2. 
Conversely, if 2 is the unique nonzero element in A whose square is 0 and 
if geA\{l) satisfies g2=1, then (1+g)2=2(1 +g) and so (1+g)4=0. Hence 
(1 +g)2=0 or (l+g)2=2. If (1 +g)2=2, then 2(1 +g)=2. Thus 2g=O and so 2=0 
as well, a contradiction. Consequently, (1 + g)2 =O. As g# 1, 1 + g#2. Hence 
1 + g = 0 and so g = - 1. Therefore A has precisely two involutions, namely f 1. 0 
Theorem 2.13. Let A be a compact ring with identity such that char(A) = 4. The 
following are equivalent: 
(i) A has precisely two involutions. 
(ii) A contains a unique nonzero element whose square is 0. 
(iii) J contains a unique nonzero element a such that a2 =0 and A/J=nn,,, F, 
where each F, is a finite field of characteristic two. 
Proof. Suppose 1 and - 1 are the only involutions in A. Then A/J= naE,,, F, where 
each F, is a finite field of characteristic two by Theorem 2.5. In particular, if a E A 
and (a + J)2 = J, then a E J. So 2 E J. Therefore (i) implies (iii) by the preceding lem- 
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ma. The above observation also yields that if (iii) holds, then 2 is the unique nonzero 
element of A whose square is 0. The theorem then follows from Lemma 2.12. 0 
Theorem 2.14. Let A be a compact ring with identity such that char(A) = 2k for 
some positive integer k. The following are equivalent: 
(i) A has precisely two involutions. 
(ii) k E { 1,2} and A has unique nonzero element a such that a2 = 0. 
(iii) k E { 1,2}, J contains a unique nonzero element a such that a2 = 0 and A/J= 
n aEn F, where each F, is a finite field of characteristic two. 
Proof. If A is a ring with identity such that char(A) = 2k for some kr 3, then 1, - 1 
and 1 + 2k- ’ are distinct involutions in A. The result when follows from this obser- 
vation and Theorems 2.11 and 2.13. 0 
Lemma 2.15. Let A be a compact ring with identity such that char(A) is even and 
nonzero but char(A) #2k for kr 1. If A has precisely two involutions, then there 
exist a positive integer m and an odd prime p such that char(A) = 2p”. 
Proof. By hypothesis and Theorems 2.4 and 2.5, if n is the characteristic of A, then 
there exist positive integers k and m and an odd primep such that n = 2kpm. Suppose 
k22. Then (1+2k-1p”)2=1 but 1+2k-1pm#kl. Indeed, if 1+2k-1pm=-1, 
then 2kP’ m p = -2 and hence 0= 12. 1 = -4. So 4 = 0, a contradiction. Clearly 
1+2k-‘pM#1. So k=l. 0 
Theorem 2.16. Let A be a compact ring with identity such that char(A) is even and 
nonzero but char(A)#2k for k? 1. The following are equivalent: 
(i) A has precisely two involutions. 
(ii) char(A) = 2p”‘forsome oddprimep and somepositive integer m; if a E J\ (0) 
satisfies a2 = 0, then 2a# 0 but pma = 0; and A/J= (fl,,,, F,) x F. where A # 0, for 
a E A, F, is a finite field of characteristic two and F, is a finite field of character- 
istic p. 
Proof. In order to prove that (i) implies (ii), it suffices to show that if aE J\ (0) 
and a2 = 0, then 2a # 0 but p”a = 0 by Theorem 2.5 and the preceding lemma. If 
a E A \ (0) satisfies a2 = 0 and 2a = 0, then 1 - a is an involution in A distinct from 
1. So 1 -a= - 1. But then 4= a2 = 0, a contradiction. So 2a#O. Moreover, if 
a E A\ (0) and a2 = 0, then 1 -pma is an involution in A. If 1 -p”‘a = -1, then 
4 = 2. 2 = 2(pma) = 0, a contradiction. So 1 -pma = 1 and hence pma = 0. 
Assume (ii) holds. Clearly f 1 are distinct involutions in A and A/J has precisely 
two involutions, namely 1 + J and - 1 + J. Suppose g E A and g2 = 1. As g + J is an 
involution in A/J, g + J= 1 + Jor g + J= - 1 + J. Suppose first that g + J= 1 + J. Then 
1-~EJ and (1-g)2=2(1-g). So (~~(l-g))~=O. Moreover, 2(pm(l-g))=O. 
Therefore by hypothesis, pm(l -g) = 0, that is, p”‘g=p”. Let a= 1 -g. Then aE J 
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and for all nl 1, a2”=22”-1a. As aEJ, a*” +O as n + 03 by [5, Theorem 151. 
Therefore, (22”P’) . a + 0 as rz + 03. Since A is compact, there exists a subsequence 
(n,)km_i of (2” - l>,“=i and an element b in A such that 2”k --t b as k-t 03. By 
the above, ba=O. Note that for all nl0, 2” #O. Hence for all kr 1, 2”” E 
(2r: TE Z, gcd(r, p) = l}, a finite set. So b = 2r for some r in Z with gcd(r, p) = 1. Let 
.s, tEZ be such that 2rt+p”s= 1. As (2r)(l -g)=O, 2r=2rg. Recall that p”‘g=p”’ 
as well. So g = 1 . g = t(2rg) + s(pmg) = 1. 
Now suppose that g + J= -1 + J. Then -g is an involution in A such that 
-g + J= 1 + J. Thus -g = 1 and so (ii) implies (i). 0 
Proposition 2.17. Let A be a compact ring with identity such that the characteristic 
of A is nonzero. Then A has precisely two involutions if and only if 
(i) char(A) = 2 or 4, J contains a unique nonzero element a such that a2 = 0 and 
A/Jr nae,, F, where each F, is a finite field of characteristic two, 
(ii) char(A) =pm for some odd prime p and A/J is a finite field of characteristic 
p, or 
(iii) char(A) = 2pm for some odd prime p, if a E J \ { 0} and a2 = 0, then 2a + 0 
but pma=O and A/J=(n,,, F,) x F, where A # 0, each F, is a finite field of 
characteristic two for cr E A and F, is a finite field of characteristic p. 
Proof. Combine Theorems 2.14, 2.16 and the corollary to Theorem 2.9. 0 
Example 1. If n > 1, then U(n) has exactly two involutions if and only if n = 4, pm 
or 2p” for some odd prime p. 
Example 2. Let F=U(2). Then F[x]/(x2) is a finite ring with characteristic two 
having precisely two involutions, namely, 1 + (x2) and 1 +x+ (x2). 
Theorem 2.18. Let A be a compact ring with identity such that char(A) = 0 and A 
contains precisely two involutions. Then char(A/J) = 2, p or 2p for some odd 
prime p. 
(i) Zf char(A/J) = 2 orp, then the center of A contains a subring B such that 1 E B 
and B is isomorphic and homeomorphic to the ring of 2-adic, respectively, p-adic 
integers. 
(ii) Zf char(A/J) = 2p, then there exists an idempotent e in A such that 2e = 2, eAe 
is a compact ring with identity such that char(eAe) = 0, eAe/eJe is a finite field of 
characteristic p and eAe has precisely two involutions, namely -te. Consequently, 
the center of eAe contains a subring B such that e E B and B is isomorphic and 
homeomorphic to the ring of p-adic integers. 
Proof. By Theorem 2.4, char(A/J) = 2, p or 2p for some odd prime p. 
(i) Let char(A/J) = q where q is a prime in Z. Then q. 1 E J and so (q. 1)” + 0 as 
n-+ o3 [5, Theorem 151. 
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For M?O, let BM= {n .1: u,(n)?M} where uq is the q-adic valuation on Z. We 
first show that {BM: MZ 0) is a fundamental system of neighborhoods of zero for 
the topology induced on Z. 1 by A. Note that as A is compact, there is a fundamen- 
tal system of ideal neighborhoods of zero in A [2, Theorem 3.5, p. 12, Theorem 7.7, 
p. 62; and 5, Theorem 8 and Lemma 91. Let I/ be any ideal neighborhood of zero 
in A and let M> 0 be such that (q * l)M E I’. Then for all r E Z such that uq(r) L M, 
r. 1 E I/ as V is an ideal of A. So BM c Vfl (Z . 1). Suppose now that A42 0. Let V 
be an ideal neighborhood of zero in A such that qn. 1 $ I/ for 0 5 n <M. Let N> 0 
be such that qn. 1 =(q. 1)“~ Vfor all n>N. Suppose ~EH and r. 1 E Vfl(Z. 1). If 
uq(r) < M, write r = qms where 0 5 m <M and gcd(q, s) = 1 and let a, b E Z be such 
that as+bqN= 1. Then q”=ar+bqN+m and as r. 1, qNe 1 E I’, qm- 1 E V, a con- 
tradiction. So Vfl (Z . 1) c BM. By the above, Z. 1 with its induced topology is iso- 
morphic and homeomorphic to Z under the q-adic topology. As A is compact, Z. 1 
is the completion of Ze 1 in A. In addition, Z. 1 is isomorphic and homeomorphic 
to Z4, the ring of q-adic integers. As Z. 1 is contained in the center of A, so is Z. 1. 
(ii) By Theorem 2.4, as char(A/J) = 2p, A/J= (fl,,,,, F,) x Fe where Fe is a finite 
field of characteristic p, A #0 and for each (Y in A, F, is a finite field of character- 
istic two. For simplicity of notation, assume A/J=(n,,, F,) xF,. Define an 
idempotent i7 in A/J by, u = fl,,,,, 0 x 1, where 1, is the identity of F, and let e be a 
an idempotent in A such that e + J= ii. (The existence of e is a consequence of 
[5, Theorems 8 and 14 and Lemma 121.) As 2ii+J, 2e#O. But 1 - 2eis an involution 
of A. Thus 1 - 2e= -1, that is, 2e=2. Clearly eAe is a compact ring with identity 
e. As in the proof of Theorem 2.3, eAe/eJerFo. Suppose char(eAe) =n>O. Then 
ne = 0 and so (2n). 1 = n(2e) = 2(ne) = 0, a contradiction. Hence char(eAe) = 0. As 
2e + eJe is a unit in eAe/eJe, 2e is a unit in eAe. So eAe has precisely two involutions 
by Theorem 2.9. Consequently, by (i), the center of eAe contains a subring B such 
that e E B and B is isomorphic and homeomorphic to the ring of p-adic integers. 0 
Remark. The proof of Case (i) of the preceding theorem yields that if A is a compact 
ring with identity such that char(A) = 0 and if p is any prime such that p. 1 E J, then 
there exists a subring B of A such that 1 E B and B is isomorphic and homeomorphic 
to the ring ofp-adic integers. Consequently, if A is any compact local ring with iden- 
tity such that char(A) = 0, then there exists a prime p in Z and a subring B of A such 
that 1 E B, B is contained in the center of A and B is isomorphic and homeomorphic 
to Z,,, the ring of p-adic integers. 
Theorem 2.19. Let A be a compact ring with identity such that char(A) = 0 and 
char(A/J) =p for some odd prime p. Then A has precisely two involutions if and 
only if A/J is a finite field of characteristic p. 
Proof. As 2 + J is a unit in A/J, 2 is a unit in A. The result then follows from 
Theorem 2.9. 0 
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Theorem 2.20. Let A be a compact ring with identity such that char(A) = 0 and 
char(A/J) = 2p where p is an odd prime. The following are equivalent: 
(i) A has precisely two involutions. 
(ii) A/Jz (n,,,, F,) x F, where A #0, F, is a finite field of characteristic two 
for each a in A and F. is a finite field of characteristic p; there exists an idem- 
potent e in A such that 2e=2 and eAe/eJesFF,; and if aE J\ (0) is such that 
a”=O, then 2afO. 
(iii) A/J= (naE,, F,) x F, where A # 0, F, is a finite field of characteristic two 
for each a in A, F, is a finite field of characteristic p and if a E J \ (0)) then 
a2#2a. 
Proof. If (i) holds and a E J \ (0) is such that a2 = 2a, then 2 = a E J. But 2 + Jf J, 
a contradiction. Hence (i) implies (iii). 
Clearly (iii) implies (ii). So in order to complete the proof of the theorem, it suf- 
fices to show that (ii) implies (i). 
Assume (ii) holds. First note that char(eAe) = 0. (The proof is the same as that 
used in Case 2 of Theorem 2.18.) Thus by Theorem 2.19, eAe has precisely two in- 
volutions, namely ke. Moreover as 2e is a unit in eAe, if x E eAe and x2 = 4e, then 
x= ke. 
Now let g E A be such that g* = 1. Then g + J is an involution in A/J, a ring with 
precisely two involutions, namely, 1 + J and - 1 + J. Suppose first that g + J= 1 + J. 
Let f =ege. Then 2f =2(ege) =2(ge) =g(2e) =2g and so (2f)2 =4=4e. Hence as 
2f EeAe, 2f = +2e. Let u be the inverse of 2e in eAe. Then f = u(2ef) = +u(2e) = fe. 
If f = -e, then 2g = 2f = -2e and so 2 + J= 2g + J= 2f + J= -2e + J= -2 + J. Thus 
4 E J and consequently, 4e E eJe. But 4e is a unit in eAe, a contradiction. Therefore 
f=e. Hence 2g=2f=2e=2 and so 2(g-1)-O. As (g-1)2=2(1-g), (g- 1)2=0. 
Recall that g- 1 E J. Thus by hypothesis, g- 1 = 0. So g= 1. On the other hand, if 
g + J= - 1 + J, then -g is an involution in A satisfying -g + J= 1 + J. By the above, 
-g= 1. So (ii) implies (i). 0 
Theorem 2.21. Let A be a compact local ring with identity such that char(A) = 0 and 
char(A/J) = 2. The following are equivalent: 
(i) A has precisely two involutions. 
(ii) A/J= n,,, F, where each F, is a finite field of characteristic two; there 
exists a central idempotent e in A such that 2e=2 and the only involutions in eAe 
are ke; and if aEJ\{O) . IS such that a2 =O, then 2a+O. 
(iii) A/J= n,,, F, where each F, is a finite field of characteristic two and J has 
precisely one nonzero element a such that a2 = 2a. 
Proof. If (i) holds, then A/J=&,, F, where each F, is a finite field of character- 
istic two by Theorem 2.4. If a E J\ (0) and a2 = 2a, then 1 -a is an involution in 
A distinct from 1. So 1 -a = - 1, that is, a = 2. Note that as char(A/J) = 2, 2 E J. So 
(iii) holds. Moreover, if a E J\ (0) and a2 = 20 = 0, then by the above, 4= 22 = a2 = 0, 
a contradiction. So (ii) holds with e = 1. 
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If (iii) holds, let geA be such that g2= 1. Then g+J=l +J and so 1 -gEJ. 
Notethat2EJand22=2.2.Moreover,(1-g)2=2(1-g).ThusI-g=Oor1-g=2. 
Hence g= 1 or g= - 1. So (iii) implies (i). 
Finally, suppose that (ii) holds. Let g EA be such that g2= 1. As before, g- 1 = 
-( 1 -g) E J and 2 E J. So g + 1 E J as well. Now, e is in the center of A and so ege 
is an involution in eAe. Thus ege = +-e. Hence 2g = 2ege = &2e = +2. So 2(g + 1) = 0 
or 2(g- l)=O. If 2(g+ l)=O, then (g+ 1)2=2(g+ l)=O. So g+ 1 =O. If 2(g- l)=O, 
then (1 - g)2 = 2(1 -g) = 0. Thus 1 -g = 0 and so (ii) implies (i). q 
Example 3. If q is a prime in 77, let Z, denote the ring of q-adic integers. Let p be 
an odd prime. Then Z,, Z$ and L/(2) x Zp are compact rings with identity having 
characteristic zero and precisely two involutions such that char(A/J) = 2, p and 2p, 
respectively. 
3. Commuting involutions in a compact ring 
In the introduction, we remarked that if 2 is a unit in a ring A with identity, then 
the mapping e + 1 - 2e is a bijection from the set of idempotents in A to the set of 
involutions in A. Consequently, if 2 is a unit in A, then ef =fe for all idempotents 
e and f in A if and only if g, g, = g2g, for all involutions g, and g2 in A. Clearly, 
g, g, = g,g, for all involutions g, and g, in A if and only if the set d of involutions 
in A forms an abelian group under multiplication. 
Lemma 3.1. Let A be a compact ring with identity such that A/J= nl=, Fi where 
each Fi is a finite field of odd characteristic. If the set A of involutions in A forms 
an abelian group, then A has precisely 2” involutions and n maximal left (or right) 
ideals. 
Proof. As 2 + Jis a unit in A/J, 2 is a unit in A. Therefore by the preceding remarks, 
the number of involutions in A is equal to the number of idempotents in A. 
For simplicity of notation, assume that A/J= n:=, F; and let 0 denote the 
canonical epimorphism of A onto A/J. For each JE [l, n], let Aj= @-‘(ny= 1 Bi) 
where Bj = (O,} and Bj = Fi for i#j. Note that Al, AZ, . . . , A, are maximal left (right, 
two-sided) ideals of A. Moreover, if I is any maximal right or left ideal of A, then 
AlA 1.. AnCn:=, A,c JCI. Thus there exists an i, ilisn, such that AiLI. Con- 
sequently Ai=I. So A has precisely n maximal left (or right) ideals. 
A/J has precisely 2” idempotents, namely {n?= I X, : x; E { Oi, l;} for all i E [ 1, n] } .
As each idempotent of A/J may be lifted to an idempotent of A [5, Theorems 8 and 
14 and Lemma 121, A has at least 2” idempotents. Suppose that the number of 
idempotents in A is strictly greater than 2”. Then there exist distinct idempotents 
e and f in A such that e + J=f + J. Let xi E {Oi, li} be such that f + J= nyz, xi and 
let Z={iE[l,n]:xj=O}. Then e, feA; for all iel and l-e, l_f~Aj for all 
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j E [ 1, n] \I. Now, 1 -e and 1 -fare idempotents in A. Consequently, as e1e2 = e2el 
for all idempotents er and e2, e( 1 -f) and f(1 -e) are idempotents in A as well. 
But e(1 -f), f(1 -e) E ny= 1 Ai = J. As J contains no nonzero idempotent [5, 
Theorems 8 and 141, e( 1 -f) = 0 =f( 1 -e). So e = ef = fe = f, a contradiction. Thus 
A has precisely 2” idempotents and hence 2” involutions. q 
Theorem 3.2. Let A be a compact ring with identity such that 2. 1 is a unit in A, 
the set A of involutions in A is an abelian group and IAl is finite. Let m = IA /. Then 
m = 2” for some positive integer n and the following are equivalent: 
(i) m = 2”. 
(ii) A/Jz n?, , F; where F, is a finite field of odd characteristic. 
(iii) A has precisely n maximal left (right) ideals. 
Proof. As the order of each g in A divides 2, IAl = 2” for some n 10. Since 2. 1 is 
a unit in A, char(A) # 2 and so n > 0. By the preceding lemma, (ii) implies (i) and 
(ii) implies (iii). 
Assume (i) holds. By Theorem 1.1, A/J=nn,,,, A4, where each M, is the set of 
n, x n, matrices over a finite field F,. As the idempotents in A commute and for 
each idempotent d in A/J, there exists an idempotent e in A such that e+J=e [5, 
Theorems 8 and 14 and Lemma 121 if e, and f, are idempotents in M,, then 
e,fo =f,e,. So n,= 1 for all a, that is, A/JE&,, F,. If A is an infinite set, then 
A/J contains infinitely many idempotents and so A does as well. Thus A is finite. 
So A/Jz @=, F, where each F, is a finite field. By assumption, 2. 1 is a unit in A 
and consequently (2. 1) + J is a unit in A/J. Therefore, each F, is a finite field of 
odd characteristic. By Lemma 3.1, k= n. So (i) implies (ii). 
Finally if (iii) holds, then as above, A/JznfE, Fi where each Fj is a finite field 
of odd characteristic. Once again, Lemma 3.1 yields that k=n. 0 
Corollary 1. Let A be a commutative compact ring with identity such that the 
number m of involutions in A is finite. If 2. 1 is a unit in A, then the following are 
equivalent: 
(i) m = 2”. 
(ii) A/J=nr=, F, where each Fi is a finite field of odd characteristic. 
(iii) A is a semilocal ring with precisely n maximal ideals. 
(iv) A G nr=, Ai where each Ai is a compact commutative local ring with identity 
such that char(Ai/Ji) is odd where for each i, J, is the Jacobson radical of A;. 
Proof. By Theorem 2.9, if Ai is a compact local ring with identity and char(Ai/Ji) 
is odd, then Ai has precisely 2 involutions. Therefore (iv) implies (i). 
By [5, Theorem 171, as A has an identity, A=naEn A, where each A, is a com- 
pact local ring with identity. As 2. 1 is a unit in A, char(A,/J,) is odd for all (Y in 
A. Thus A, has precisely 2 involutions for all a in A (Theorem 2.9). Since the 
number of involutions in nflEA A, is 2”“, IAl = n if (i) holds. So (i) implies (iv). 
Therefore (i)-(iv) are equivalent by Theorem 3.2. 0 
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Corollary 2. Let A be a compact ring with identity such that 2 is a unit in A and 
A has precisely four involutions. Then A has exactly two maximal left (right) ideals 
and A/J= F, x F2 where each Fi is a finite field of odd characteristic. 
Proof. By the remarks preceding Lemma 3.1, A has exactly 4 idempotents, 0, 1, e 
and 1 -e for some e in A. As these idempotents commute, the involutions in A com- 
mute as well. Thus the corollary follows from Theorem 3.2. 0 
Example 1. Let n2 1 and let A =L/(2”). If n = 1, then A has precisely one involu- 
tion. If n > 1, then A is a local ring with Jacobson radical 2A and so A/J= U(2). 
If n = 2, then A has precisely two involutions. But for all n 2 3, A has 4 involutions, 
namely 1, 2”- 1, 2”-‘- 1 and 1+2”-‘. 
Example 2. Let F be any finite field of characteristic p where p > 2 and p # IFI. Let 
A= [(i fP): a,xeF]. 
Then A is a compact, local ring with char(A/J) =p. So A has precisely 2 involu- 
tions, kl. The set A of involutions in A is therefore a finite abelian group but A 
is noncommutative. In fact, if n is any positive integer, then nl=, Ai, where 
Ai= A, is a noncommutative compact ring such that the set A of involutions in 
n:= 1 A, is an abelian group of order 2”. 
Theorem 3.3. Let A be an arbitrary ring with identity, let G denote the group of 
units in A and let A denote the set of involutions in A. 
(i) If 4. 120, then /Al #6. 
(ii) If char(A) f2 and IA I= 6, then the subgroup of G generated by A is isomor- 
phic to the dihedral group Dq. 
Proof. (i) Suppose IA/=6. As char(A)#2, for all geA, -geA and -gfg. Thus 
A = { 1, -l,g,, -g,,gz, -g21 for some gl, g, E G. As glg2gl is an involution, 
g,g2glEA. Obviously glg2gl${l,-l,gt,-gll. So gig,gl=g2 or gig,gi=-g2. If 
g,g,g, = g2, then g, g, = g,g, and hence g, g, is an involution in A. It is easy to verify 
that glg2$ (1, -Lg,, -gl,g2, -g2}. So glml =-g,, that is, glg2= -ml. Note 
that (g2g,)2=-l as well. Moreover, (gig2+gi)2=(gig2)2+gig2gi+g?g2+g?=0. 
Similarly, (g, g2 + g2)2 = 0. In fact, if i, j E { 1,2} and i #j, then (gigj * gi)2 = 0 whereas 
(g, + g2)2 = 2. Let g = gl g2 + (gi + g2). Then g2 = (gl g2)2 + gi g,(g, + g2) + (gt + g2)gi g2 + 
(gl+g2)2=-l-g2+gl+g2-gl+2=l. So geA. If g=l, then g,g2+(gi+g2)=l 
and hence l-gl=g,g2+g2=(g,+l)g2. Consequently, 2(1-gl)=l-2g,+l= 
(1 - g,)2 = (g, g, + g2)2 = 0, that is 2(g, + l)g, = 0. Thus 2(g, + 1) = 0. So 0 = 2( 1 - g,) + 
2(g, + 1) = 4. 1, a contradiction. If g = - 1, then 1 + g, = -gl g2 - g2 = g2gl - g2 and 
hence (1+g,)2=0. So 2(1+gl)=(l+g1)2=0. On the other hand, 0=2(1+g,)= 
2(g,g, - g2) = 2g,(g, - 1). So 0 = 2(g, - 1). Thus 0 = 2(1 + gi) - 2(g, - 1) = 4. 1, a con- 
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tradiction. If g = g, or g = g2, then gl g2 = -g2 or gl g2 = -gl . Thus gl g2 is an involu- 
tion, a contradiction. Suppose g= -gl . Then g,g2+g2=-2g, and so 4. 1= 
(-2g1)2 = (g,g, + g2)2 = 0, which is impossible. Similarly if g = -g,, then 4. 1 = 0. So 
IAl 26. 
(ii) As in (i), we may assume that A = { 1, -l,g,, -g,, g2, -g2} where glg2 = -g2gl 
and (g,g2)2 = - 1. Let H be the subgroup of G generated by A. Then H= 
(1, -l,g,, -gl,g2, -g2,glg2, -g,g,l. Let R =glg2 and let F=g,. Then H= 
(1,R,R2,R3,F,FR,FR2,FR3) where RF=FR3 and F2=R4=l. So H=D,. 0 
Example 3. There is a local ring with identity which has 16 elements, whose group 
of units is isomorphic to D4. Therefore, this ring contains exactly 6 involutions. 
We will construct such a ring as follows. Let A be the free algebra with two genera- 
tors x and Y over the ring of integers. Let B be the ideal of A which is generated 
by the elements 4, x2- 1, Y2- 1, 2x-2, 2Y-2, xY+Yx and xY+x+Y+ 1. We will 
show that the ring A/B is such a ring. First, we claim that 2 $ B. Indeed, suppose 
that 2~ B. Then there exist f,(x, Y), J(x, Y) and gi(x, Y), i=2, . . . ,7, in A such that 
2 = 4f,(x, Y) +f2k _Ym2 - lk2(x, Y) +f,Cx, Y)(Y2 - lk,(x, Y) 
+ %dX, V> . (X - 1 )&dX~ Y> + %(X9 V>(_J’ - 1 k&f, I’) 
+f6& Y)(x~+~xk6(x, _d +.h(X, Y)(xy +x+Y + 1k,(x, _d. 
Let x=(A _y) and Y=(y A). Th en x2 =Y2 = I and XY = -yx. Hence 
21= 4f,(x, Y) + 2f4(x, Y)(x- I)gd(x, Y) 
+ 2f,(x, Y)(Y - I)g,(x, Y) f&(X> Y)(XY + x+y + Z)g,(x, Y). 
Note that if f(x,y)EA and x=(A _y) and y=(: b), then 
f(x,y)=n,Z+n,x+n,y+n,xy= ;11’,:1 ( y13 2 3 0 1 ) 
for some integers no, n,, n2 and n3. Therefore, 
&f&G Y)(X - b(4 Y) = 2 
for some integers ai, d,, i = 0, 1,2,3 and for some integers a2, b2, a3 and b4. On the 
other hand, 
=2 bO+Pl 
( 
p2-p3 
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for some integers pi, pi where i = 0,1,2,3. Let a3 = DO + PI, ii, =/lo - /3,, b3 = ,B2 + p3, 
63=/?2-&, c,=&+p,, C3=&-/?,, d3=&+p3 and d3=&p3. Then 
2f,(X> Y)(Y -O&(X, Y) 
Let 
= 2 
c 
(-a3 + b3k3 + (a3 - b,)J3 (-a3 + b,)d, + (a3 - b3)C, 
(ii3-~3)~3+(-ii3+~3)d3 > (n3-6,)d3+(-n3+~3)~3 ’ 
j=(-a,+b,)c,+(a,-b3)d3, l= (a3 - 1s,)c, + (-a, + t53)c73) 
k = (-a3 + b3)d3 + (a3 - b,)c,, m=(a3-b3)d3+(-d3+63)c3. 
Note that 
j+ k = (-a3 + b3)(c3 + d3) + (a3 - b3)(d3 + c3) 
= -a3c3 + b3c3 - a3d3 + b,d, + u3d3 + a3c3 - b3d3 - b3q 
= q-a3 + b3) + C3(a3 - 6,) + d3(-a3 + b,) + d&q - b3) 
=(c,-~~)(-a~+b~)+(d~-&)(-a~+b~) 
=2&(--q + b,) + 2P3(-a3 + b,). 
So 2 1 (j + k). Similarly, 
21(l+m), 21(j+I) and 21(k+m). 
Finally, 
f,(x, Y)(V + x +Y + O&(X, v) 
( 
vo+v1 v2 + v3 2 2 = 
02 - v3 vo-v1 >( >( 
q)+q u2+u3 
0 0 u2-fJ3 u,-l7] > 
= ( 
2(v,+ Vl)(&J + 0, + u, - 63) 2(vo + VI)(UO - !J1+ I& + 03) 
2(02 - v3)(4 + Q+ u2 - G3) 2(v* - 03)(&J - 8, + 02 + 03) > 
for some integers Vi, UI where i = 0, 1,2,3. Let 
for some integers a,, b,, cl and d,. Then 
Hence 
+ ( 2(v, + 01)@0 + u, + lJ2 - 0,) 2(vo + lQ(Uo- 01+ f72 + 03) 2(02 - v,)(lJo + q + 02 - U3) > . 2(02 - v&l& - IJ, + 02 + 83) 
166 J.-A. Cohen, K. Koh 
and 
0 = 4bt + 462 + 2k + 2(ue + u,)(fJ, - U, + 02 + 03). 
Therefore 
Since 2 1 (j+ k), 4) 2. This is a contradiction. Let A, =4/B. Note that if fe A,, then 
f=n,+n,x+n,y+B for some no, n,, n2 in Z/(4). For simplicity we will write f = 
no + nix+ n,y. Therefore, IA01 5 2”. On the other hand, { 1, -1,x, -x, y, -y,xy, -xy} c 
A,. Hence 23< lAoI ~2~. Let Arm(2)= {QEA,: 2a=O}. Since k 1 rfrx+y are units 
in A0 and 2x=2y=2, Arm(2)= {0,2,x+y,x-y, 1 SX, 1 -x, 1 +y, 1 -y). Note also 
that 2A,= {0,2}. Since 2Ao=Ao/Ann(2) as &modules, 12AoI = 1Ao/Ann(2)l = 
~Ao~/~Ann(2)~.So~Ao~=2~8=2”.ThusAo={0,2,x+y,x-y,1+x,1-x,1+y,1-y}U 
(1, -17% -X,Y, -Y,XY, -XY>. 
As noted previously, the assumption that 0 is an abelian group is equivalent to 
the property that ef =fe for all idempotents e and f in A when 2 is a unit in A. We 
next classify those compact rings A with identity for which the idempotents of A 
commute. 
Suppose that A is a compact ring with identity. Write A/J=&,, M, where for 
Q EA, M, is the set of n, x n, matrices over a finite field F,. For simplicity of 
notation, assume A/J= n, E n M,. Let @ denote the canonical homomorphism of 
A onto A/J. For each BE/~, let Mi=IIaE,,, 
cx#p and let Ap=@P’(Mh). 
B, where BP = MD and B, = { 0, } for 
Theorem 3.4. Let A be a compact ring with identity. The following are equivalent: 
(i) For all idempotents e and f in A, ef =fe. 
(ii) A/Jz&,,, F, where each F, is a finite field and for all (Y E A, A, contains 
a unique nonzero idempotent E, such that if e is any idempotent in A, then &,e = E, 
or ec, = E,e = 0. 
Proof. Assume (i) holds. Then if P and f are idempotents in A/J, ef =fe. Conse- 
quently, A/J= n,,,,, F, where each F, is a finite field. Once again we assume that 
A/J= n,,, F,. Let PEA, let pD=nn,,,, x, where xB = lg and x, = 0, for all Q #p 
and let cP be an idempotent in A such that eP + J= cP. (The existence of eB is 
guaranteed by [5, Theorems 8 and 14 and Lemma 121.) Then eB is a nonzero idem- 
potent in Ag. Moreover, eB is the only nonzero idempotent in AD. Indeed, let 
f E A/, be such that f2 = f. Then f + J= J or f + J= eB + J as the only idempotents in 
FD are lg and 0,. If f + J= J, then f = 0 since each element of J is topologically nil- 
potent [5, Theorems 8 and 141. If f+ J= eP + J, thenf-fca E Jand f - fea = f (1 - ep), 
the product of two idempotents. As idempotents in A commute, f -fcfl is an idem- 
potent of A. Since f - feP E J, f = feg. Similarly, if we interchange the roles off and 
eB, we obtain that when f+J=Eg+J, E~=E~~. So cP=f if (i) holds. Now let e be 
an idempotent in A. Then ege is an idempotent in Al, and so cge= 0 = eeg or 
ePe=cp. 
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Assume (ii) holds. Let e, f be idempotents in A and let a l /1. We first show that 
e&ef-fe) = 0. By assumption, .s,e = 0 = ee, or &,e = E, . If a,e = 0, then Qef-fe) = 
cafe= 0 as e,f= E, or e,f=O. Suppose that e,e=e,. If e,J=O, then as above, 
ea(ef-fe) = 0. We may therefore assume that e,e= E, =EJ. Then aa(ef-fe) = 
e,f-eE,e=&,-eE,=O. Next note that for all a, DE/I, a#P, E,E~=E~E,=~. Indeed, 
E,E~ E A,flAB c J. If E,E~ and E,+, are not both zero, then J contains either E, or 
eB, that is, J contains a nonzero idempotent, which is impossible. So {E,: cr~rl} is 
a set of orthogonal idempotents in A. Note that for p E /1, eD + J= nat,, x, where 
xP= lD and x,=0, for cx#/3. By [6, Theorem 41.351, CaGn E, is a unit in A. From 
the above observations, (CcrG,, ea)(ef-fe) =0 and hence ef -fe = 0. Thus (ii) im- 
plies (i). 0 
Theorem 3.5. Let A be an arbitrary ring with identity such that 2 is a unit. Let 
g E G \ { f 1 }. The following are equivalent : 
(i) g is an involution. 
(ii) There exist nonzero right ideals B(g), C(g) of A such that A = B(g) 0 C(g), 
gx=x if xEB(g) and gx= -x if xEC(g). 
Proof. Assume (i) holds. Let B(g) = {a E A: ga = a> and let C(g) = {a E A: ga = -a}. 
Since (1 - g)( 1 + g) = 0 = (1 + g)( 1 - g), 1 + g E B(g) and 1 - g E C(g). Therefore, B(g) 
and C(g) are nonzero right ideals of A. Furthermore, B(g) fl C(g) = (0) since 2 is a 
unit. Now, (1 +g)+ (1 -g) =2~B(g)@C(g). Thus A=B(g)@C(g). Assume (ii) 
holds. Since A =B(g) 0 C(g) and 1 E A, there exists an idempotent e in A such that 
B(g)=eA and C(g)=(l -e)A. Let f=2e- 1. If bEB(g), b=ea for some a in A. 
Hence f(b) = (2e - 1)ea = ea = 6. If c E C(g), c = (1 - e)a for some a in A. Therefore, 
f(c)=(2e- l)(l -e)a= -(l -e)a= -c. Let xeA. As x=b+c for some bEB(g) and 
c~C(g), f(x)=g(x). Hence f=f. 1 =f(sf)=(fg)f=g2f=g(gf)=g. 1 =g. So g2= 
f2=1. 0 
Corollary. Let A be a compact ring with identity such that 2 is a unit in A. If A 
is not a local ring, then there exist g E A \ (+-l} and nonzero right ideals B(g) and 
C(g) of A such that g2 = 1, gx= -x for all x in B(g), gx= x for all x in C(g) and 
A = B(g) 0 C(g). 
Proof. The result is a consequence of Theorems 2.9 and 3.5. 0 
Example 4. Let p be an odd prime and let A = ((2, ;): x, y, z E Z/(p2)}. Suppose 
2 geA and g =I. Write g=(G ; ). Then 
Thus x, Z,E { kl} as f 1 are the only involutions in Z/(p2) (Theorem 2.9). If x= 
z=+l, then (x+&=0 if and only if +2y=O. So (x+z)y=O if and only if y=O. 
168 J.-A. Cohen, K. Koh 
If x= -z=kl, then (x+z)y=O for all y in Z/(p2). So d ={k(h y), ?(A _“,): 
y eZ/(p2)}. Thus A has precisely 2(p2+ 1) involutions. Note as well that J= 
{(z :): y E Z/(p2), x,z l pH/(p”)} and so A/J= Z/(p) x Z/(p). In particular when 
p = 3, A contains precisely 20 involutions. 
Example 5. Let A = ((6 c ): X, y, z E U(4)). Arguing as above, it can be shown that 
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